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ABSTRACT: The static scattering properties of weakly charged homopolymers and copolymers in solution
are investigated by using the generalization of Zimm’s equation to multicomponent polymer systems. The
interaction matrix is modeled as a sum of the short-range excluded-volume matrix and the long-range Debye—
Hiickel matrix. Several cases are considered, depending on the charge distribution among species. If the
species are charged equally, the scattering behavior is essentially controlled by the thermodynamic parameter
x. If the species have opposite charges, the electrostatic attraction enhances significantly their compatibility.
The case of a mixture of weakly charged and neutral polymers is also investigated, and the results are consistent
with those reported by Joanny and Leibler. The description of counterions and salt ions is also discussed.
It is argued that when these ions are considered as point particles, their role should be limited to the screening
of electrostatic interactions and the electroneutrality condition.

1. Introduction

In a preceding paper! we have discussed theoretical
models to derive the general result for the static structure
matrix 8 of a multicomponent system

$Ha) =S, @) +V 0y

where So(q) is the bare (or single-chain) structure matrix
and V the interaction matrix; g = (4= /\) sin (8/2) where
A is the wavelength of the incident radiation and 6 the
scattering angle. The purpose of the present paper is to
show how this result can be generalized to mixtures of
weakly charged polymers. Polyelectrolyte solutions have
frequently been described as multicomponent mixtures,
and the strong coupling between polyions and counteri-
ons in the salt-free solutions and between polyion—coun-
terions—co-ions in solutions with added salt play an
essential role in determining the static scattering properties
of these mixtures. Therefore, the use of matrix formulation
to describe these properties in polyelectrolyte solutions is
fully justified. However, here, this justification is not
essentially due to the fact that counterions and co-ions
are considered as components in the mixture. In fact, we
shall argue that when counterions and co-ions are treated
as point particles, their contribution is limited to the
screening of Coulomb potential and to the realization of
the global electroneutrality condition. It is only in the
situation where these relatively small ions have finite sizes,
nonzero contrast factors with respect to the solvent, and
can be characterized by thermodynamic interactions
(excluded-volume parameters) in addition to their elec-
trostaticinteractions that their “status” as full components
in the mixture is justified. The matrix formulation isused
here mostly because we consider mixtures of selectively
charged homopolymers and copolymers in solution. This
is implemented here as a direct generalization of eq 1 by
redefining the excluded-volume parameters to account for
the long-range Coulomb interaction. We consider specif-
ically ternary mixtures of two charged homopolymers A
and B in a solvent and a charged block copolymer AB in
asolvent. Needless to say, eq 1 has already been applied
to various mixtures of neutral polymers and copolymers
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and in particular the case of ternary mixtures has been
examined in detail from both the theoretical?® and the
experimental* sides. Because the expressions of the
elements of S are particularly useful in this work, we briefly
recall the result in the next section.

2. Ternary Mixtures of Two Polymers A and B
and a Solvent

For charged polymers, the equation remains valid with
an appropriate modification of the interaction matrix,
which we denote as U. Therefore, eq 1 becomes

S (q) =S, q) +U @)

where the matrices are square and 2 by 2. We recall that
Sy has zero off-diagonal elements for homopolymers and
contains nonzero off-diagonal elements if AB is a copol-
ymer. For simplicity, we shall consider these two cases
separately.

2.1. Homopolymers AB and a Solvent. The matrix
So is

S0
where S0 = ¢.NP.(q) (a = a, b) with ¢, =n,N,, n, being
the number of chains of type a per unit volume, N, their
degree of polymerization, and P,(q) their form factor.
Substituting eq 3 into eq 2 gives

1
1 §—0+ Uaa [].b
§7 = L,y (4)
U §—°+ bb
b

It is a straightforward matter to invert this matrix and
find

S,.(q) = 8201 + Uy, S0/ D (5a)

Sun(@) = Spa@) = -UyS,°S,"/ D (5b)
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and
D=1+U,S+ UyS + (U,Uy - Up)SOSY  (5¢)
In the reciprocal form we have

1/8,, = 1/8.2+ U, - Uy28,%/ (1 + UpS,%)  (6a)

I/Slb = Ulb - (1 + Unsno + UbbSbo +
UnUbbSaoSbo)/ Uabsaosbo (Gb)

Svb(q) can be deduced from S, (q) by exchanging the
indices a and b. It is also useful to recall the expression
of the measured intensity including the scattering lengths
a and b of monomers A and B, respectively:

@ = a?8,° + b%8,° + (a®U,, + b2U,, - 2abU,)S,°S,°
YT U,S0 + UpS + (U Uy - U,,f)s,°s,,°(7)

2.2, Block Copolymer AB and a Solvent. The
essential modification with respect to the former case is
the introduction of off-diagonal elements S,.,°. Equation
2 becomes

S,°%6+U, =-8,°6+U ]
-1 = b aa ab ab

where & = S,08,° - Sa?2, S0 = U2pNPy(q), Sy? = (1 -
U)29NPy(q), and Sap® = Spe? = U(1 - U)o NP4(q), U being
the fraction of A monomers within a chain, ¢ the total
number density, and N the total degree of polymeriza-
tion. P,y is the intramolecular interspecies form factor.
It is easy to calculate the inverse of S~ and to obtain

S,.(@) = (S0 + Uyd)/a (9a)
Sa(@ = Spe(@) = (S, - Uppd)/A (9b)
where
A = 1 + Uns.o + UbbSbo + 2U.bS.b0 + (UuUbb - U.bz)a
(9¢)

The reciprocal expressions of S;;(q) are not simple and
will not be needed here. Sy,(q) can be deduced from eq
9a, and the total scattering intensity becomes

I(q) = {a?S.0 + b?S,° + 2abS,,° + (a%U, + b2U, -
2abU,,)8)/A (10)

where a and b are the scattering lengths of species a and
b. Inthenextsections, we define explicitly the interaction
matrix U for weakly charged polymers and use the results
presented in this section to calculate S;j(q) and see how
they are modified by the electrostatic potentials.

2.3. Generalized Interaction Parameters. We as-
sume that, for weakly charged polymers, the total inter-
action matrix U can be written as a sum of the bare
excluded-volume matrix V and a long-range electrostatic
matrix U,; i.e.

U=V+U, (11a)
where
= U.. v.b . - f ‘2 EAJJ b
v [U‘b o ] v, e[, ] (11b)
a(q) = 4=xl/(g* + «P) (11¢)

I = e2/¢kT is the Bjerrum length equal to about 7 A for

Scattering from Charged Polymer Mixtures 3867

water at 25°C. e, = +1 if monomers A and B have charges
of the same sign, and ¢,p, = -1 otherwise; f,e and fpe are
the charges carried by A and B monomers, respectively.
The Debye—Hiickel screening length is given by

K2 = dxlg,, (11d)

where ¢ is the number density of counterions, and the
overall electroneutrality requires that

fa¢a + €pfvP = D (11e)

In the case of added salt, the additional counterions and
the co-ions both contribute to the screening and eq 11d
becomes

E=dxld ¢, (11

The sum in this equation runs over all free-point ions in
the system. We assume that the charge fractions f of
these ions are equal to 1 for simplicity. As pointed out
earlier, if these ions have finite size, they must be treated
as full components and not as fictitious particles that
contribute to the screening only. This point will be
discussed in more detail later. Note that we have
introduced eq 11 as an assumption. This is in fact not
necessary, as was shown independently in ref 5 and refs
6and 7. Inthe paper by the Russian group the free energy
has been written as a function of all components. Min-
imization of this free energy with respect to the count-
erion concentration gives immediately the screened form
of the interaction potential. Alternatively in ref 5 and
refs 6 and 7 the free energy functional at all concentrations
has been formulated. Integrating out the counterions and
writing the effective Edwards Hamiltonian for the
“dressed” polyion leads similarly to eq 11 (compare also
section 5 and see ref 7 for details).

Recalling the expressions of v;; in terms of the Flory
interaction parameters x;; and the solvent fraction ¢,, one
has?

U,=1/¢,— (24 - of D) (12a)
Usb = 1/04= (Xas + X = Xab ~ €apfafy)  (12b)

Equation 12a shows that the repulsion electrostatic AA
interaction has a net effect of reducing the apparent x
and therefore increasing the quality of the solvent.
Equation 12b shows that if ¢ = 1, the net effect of
electrostatic repulsion is to increase the incompatibility
of the two polymers, and if ¢, = -1, the attractive long-
range electrostatic forces tend to compensate for the effect
of thermodynamic repulsion due to xab; this can be seen
as a net “compatibilizing effect”. These observations are
general and apply to homopolyelectrolytes and copoly-
electrolytes as well. We shall now calculate S;j(q) for these
two systems separately.

3. Mixtures of Two Selectively Charged Polyions
and a Solvent

In this section, we consider a ternary mixture of two
polyions A and B with different charge distributions and
asolvent. The latter includes counterions and eventually
saltions to ensure the screening of electrostaticinteractions
and the electroneutrality condition, in addition to the real
solvent. Of course, polyions A and B may have different
sizes (masses, form factors, etc.), different thermodynamic
properties (excluded volumes), and different scattering
lengths (or dn/dc). The matrix S-1 remains relatively
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simple in this case:

1 Lo + v, + a(@)f,? Ugp + €p(@f Sy
S =|

bt e @fy 5ottt @A’

b (13)

The partial structure factors and the total intensity can
be readily obtained from eqs 5 and 7. We only note that,
unlike the case of neutral homopolymers, the cross term
Sab # 0 when vg, = 0 since the AB correlations are
maintained through electrostatic potential in the absence
of thermodynamic correlations. Let us examine closely
the denominator D, which is common to all scattering
quantities. D hasbeen written before, but we could obtain
it directly from the determinant of S~1in eq 13. It can be
put in the form

D = Dy + (@) 1,28, + £,25,° + 0,8,°S,% (14a)
where Dpeytral is the denominator in the absence of charges
Dot = 1 + 0,80+ 0,80 + (00, - 0,808, (14b)
and v, is given by
Vs = Ugfy” + Uy’ ~ 2eqanfofy (140)
Assuming that the solvent has the same quality for A and
B polymers
Vg S Up S Ugp— X =V (15)
where x is proportional to the Flory—Huggins interaction
parameter, we obtain
D=1+0(8,°+ S0 - x(x + 20)8,%5," + a(q) {f,2S,° +
Fo28y + [0(fy = eapfu) — 2epXfof51S, Sy} (16)

Let us consider the ¢ = 0, which is related to the
thermodynamic limit, put x = ¢,/ ¢, the fraction of polymer
A inthe mixture, and assume for simplicity that the degrees
of polymerization are equal N, = N}, = N; we have

D(0) = 1+ voN - x(x + 20)¢°N%x(1 - x) + a(0) {[f,2x +
f2(1 = 2)]oN + [V(f, - efn)® - 2exfofo] 6 NP2 (1 - x)}
(17a)

Several limits can be discussed.

(1) £, = £, = f(eap = 1). Thismeansthat the twopolymers
have the same charges. In this case £ becomes simple

D(0) = D(O0)eupras + 2ffFON(1 - x/x.)  (17h)
with

D(0) poutras = VON - x/x,) (17¢)
X, " = 2x(1-x)¢pN (17d)

where we have neglected in eq 17¢ one and the term in
x%(x/v « 1). This gives

D0) = (v+ o )ON1 - x/x,) (17e)

This clearly shows that when the two polymers are charged
the same way, the phase separation is completely governed
by the thermodynamic parameter x. Equation 17e shows
that the excluded-volume parameter v is enhanced by the
quantity af? reflecting electrostatic repulsion. These
remarks will be made later in different conditions, and
this behavior is, of course, expected.
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(ii) £, = £y, = (¢ = —1). This means that polymers
A and B carry opposite charges and therefore they have
an attractive electrostatic potential. Let us see how D(0)
is modified in conditions similar to those in eq 17e. It is
an easy matter to find in this case that

D(0) ~ voN1 - x /x4 + af N1 + 4v¢Nx(1-x)} (17f)

This shows clearly an effect of compatibilization due to
the electrostatic term. If x = x., the denominator has an
additional large positive term, which prevents phase
separation. We note that this term goes like (2f¢.N)2, This
behavior is expected for oppositely charged polymers.

(iii) £, = £ £, = 0. This corresponds to the mixture of
charged and neutral polymers in solution. In this limit,
we find

D(0) ~ voN(1 - x/x,) + af*xdNi1 + voN(1 -x)}  (17g)

One can make the same observation as in the case where
fo = f but ey, = —1 with an attractive potential 4 times
larger because of (2f)2. This is consistent with the
observations of Joanny and Leibler,$ who considered poor
solvent conditions and observed that the peak in Sa(q)
disappears by adding a small amount of neutral polymers.
They interpreted this observation as a destruction of the
mesophase structure and collapse of the charged polymer.
Vilgis and Borsali” have also considered this system within
the Edwards Hamiltonian method and derived the cor-
responding structure factors S;j(q). Here, we only repro-
duce S,.(g), which is identical with the result reported in
the above references:

8.4(@) = (*+ ) (S—la + v)/(q2 +4) x
b

{.S.gw U(S_la+§17,) + ng(# v)} (188)
a~b a b b

In the reciprocal form, this equation can be written simply
as

Sea @) = S0 (@ pouteas + (@) £, (18b)
with

8, 7M@) peoutza = S F (1 + 080T (18¢)

Intermediate Solvent Conditions. This is perhaps
an extreme case, but it is quite interesting and possible
to realize experimentally. An example® is given by the
50/50 mixture of sulfonated PSH and PSD in a mixture
of undeuterated and deuterated benzene to be studied by
neutron scattering. The scattering intensity is obtained
from eq 7 by letting a = -b, the composition x = 1/ and
hence

s0=52=2 (198)
If we consider the neutral polymers case with

V,=Up = Uy~ X =V (19b)

and substitute eq 19a,b into eq 7, we obtain the known
bulk result with the reduced interaction parameter ¢x,
namely

I(@) _ _ ¢NP(@)
i (19¢)

@ 1- 224¢NP(q)
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or in the reciprocal form

2

a 1 X

—_—= - (19d)
Ilq) ¢NP(q) 2

where we recall that P, = Py, = P(q), ¢ = ¢ + ¢1, and N

= N, = Ny. Therefore, it would be interesting to check

if this simplification is maintained for charged polymers.

Substituting eq 19a-d and ¢ = -b in eq 7 after a
straightforward manipulation gives
X
Ia) P[1+ (v + )¢NP] + alq) pNP2A
PN~ [1- z<¢NP][1 + (u + 2é)quP] + a(q) $NPB
(20a)
where
+ 2
A= ()l—;-.}f—b) (20b)
and
2472
psls 2f" +v( “’f") $NP - abeJ,,cﬁNP (20¢)

We see that in the neutral limit o = 0 and we recover the
previous result. Several cases can be considered.

(i) £, = f, = f(eqp = +1). Thismeansthat both polymers
have the same charges. A and B become

A=f B=f‘[1—§¢NP] (21a)
Substituting eq 21a into eq 20a yields
@) _ P(q)

- (21b)
TN 1-29NP(@)

which is exactly the result in the neutral limit. It is
surprising to find that the peak is completely controlled
by the thermodynamic x parameter independently of the
charge carried by the polymer, if there is no polydisper-
sity in the charge distribution.

(ii) f, = £, = f (eap = -1). This means that charges
carried by polymers A and B are of opposite signs but
have the same strength f. In this case

=0 B= X
A=0; B f2[1+(u+2)¢NP] (22a)
Substituting eq 22a into eq 20a yields
@ _ Pl@)
2
a‘¢N 1- X~ Xe(bNP( )

(22b)

with

X = 2a(q) f2 (22¢)

This means that the electrostatic attraction between A
and B polymers (x, parameter is attractive) reduces the
thermodynamic repulsive x parameter. This compatibi-
lization is, of course, expected. Similar compatibilization
effects have been first observed theoretically and exper-
imentally in ref 9. It has been discussed previously also
by one of us.10

(iii) £, = £, £, = 0. This corresponds to a mixture of
charged and neutral polymers. We have

A=(f/4; B=(/a1+ %vdzNP) (23a)

Substituting eq 23a into eq 20a gives I(g), which is not as
simple as for S,,(g). It is perhaps more appealing to write
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I(q) in the reciprocal form

1+ + NP
I~ P 1+ (v + §)¢NP +gP
with
B=xf'oN/4 (23¢)

The first term in the right-hand side is the result for the
neutral polymer. The second term contains the effect of
changes but depends on all other properties such as v, x,
and ¢NP. This wasnot the case for S;,(q) where the second
term was equal to 8 (within a constant factor) (cf. eq 18b).

4. A Charged Copolymer AB and a Solvent

The extension of our discussions above to copolyelec-
trolytes is straightforward. For simplicity, we shall
consider a diblock AB copolymer and try to identify the
effect of a selective charge distribution along the chains
in addition to other possible differences of geometrical,
optical, or thermodynamical natures. The general ex-
pressions of S;;(q) (i,j = a, b) were already given in section
2 with the appropriate interaction parameters including
the long-range Coulomb potentials (see eqs 8-11). We
shall first discuss the case of a dissymmetric copolymer
before turning to the special but more interesting case of
a symmetric diblock copolymer.

4.1, Dissymmetric Charged Copolymers. We limit
our discussions to S,a(gq), but the other structure factors
can be dealt with in the same way. We have in general

S,(q) = (5.2 + Upd)/a (24a)
with

Ub = Ub + a(q) sz; 6= Saosbo - Sabo 2 (24b)

A= Aneutral + a(q) {fazsao + szsbo + 2€abf5fbsnb0 +
(.20, + fi2v, - 2eqVafofo)0) (240)
A particularly simple result is obtained when block B

is not charged (f, = 0). Therefore, letting f, = 0 in eq 24,
we obtain

1 1

2 25a
Su@  Sa@ueg | “ Vs e
where Sga(@)neutral is given by
S0 +v,8
Saa(q)neutral = __A—;——_ (25b)
eutral

This result is consistent with the result obtained for ho-
mopolymers in similar conditions (fy, = 0); see eq 18. One
notes that the electrostatic term does not depend on the
copolymer nature of the chain. It dependsonthestrength
of the charge only. One can consider other cases depending
on thermodynamic properties and charge distribution. If
the two blocks are identical except for their scattering
length, A becomes very simple but the copolymer nature
is, of course, still reflected in S,.(q) since it has the form

S+ (v+afs

Sl = o 2aP)Se

(26a)

where
8°=8.+8°+25,° (26b)
Another case would be €., = —1, which means that the two
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blocks have opposite charges. S,,(g) becomes

S+ (v + aff)s
S.(@ = . 27
W@ = S s it S-Sy 2

it is interesting to note that for ¢ = 0

S (q)
1+ vS8,.2(g=0)
which means that S,,(g=0) is not modified by the charge
distribution. The total intensity I(q) has the same

property since the numerator of I(q) at ¢ = 0 is always
a25,(0) + b2S,(0) + 2abS.y(0).

4.2. Symmetric Diblock Copolymers (50/50). An
important simplification is obtained when the two blocks
A and B are geometrically identical; i.e.

Sul@) = (27b)

50=50=2p, ; §,.0=2Nep P, (28)

where Py/; and Pr are the form factors or one block and
the total chain, respectively; ¢ and N are the total fraction
of the polymer and the degree of polymerization, respec-
tively. Substituting eqs 28 and 11 into eq 10 yields

I(q)
8sN/3 = (@~ 0)Pyy + dabPr+ (6U, + b'U, -
and

‘—‘LPT+(U + U, -2U,,) X

¢'N* 22 PP, 5~ Py) (29b)

A=1+(U,+U,+2U,)

(P, - Pp) + (U, - UHES
This expression is still quite compllcated. It simplifies
somewhat if one considers that B is isorefractive with

solvent (or S.a(q)); i.e.

Sp@
The major simplifications are achieved in the intermediate
solvent conditions, which are discussed below.

Intermediate Solvent Conditions (a = -b). Letting
a = -b in eq 29a, one can put the result into the form

Iq) _ P 1/2 - Pr
a’¢N 1+ U,¢NP,
1+ U +U, - P, — Pr)ye———
( a b~ b) ( 1/2 T)l + U ¢NPT
(31a)
where
UU,-U,?
U=ttt . [ =(U,+U,+2U,)/4 (31b)

U+ U,-2U,

For neutral polymers with v, = Ub = Ugb ~ X =V, We have
Uy = U =v+ x/2 and eq 31 gives the known result

I __ Pys—Fr
a®$N |- §¢N(pl/2 -Pp

(neutral) (32a)

This is consistent with the result obtained for homopoly-
mers in similar conditions. Indeed, as we have pointed
out earlier, this is just the result one obtains for bulk
copolymers with a reduced interaction x¢ instead of x in
the bulk where ¢ = 1. Lettingv, =vp = s —x =vineq
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3la yields
I(q@) Py )y - Py
= (32b)
02¢N (x &) _ 1+ U1¢NPT
1-\g =2/ NPy~ Py onp,
where
XQ = ﬁ(zq_) a_ ea[jb)z (320)
U, =- velf, - eabfb)2 -x(x + 2v -0; 2e,p0fofe) (32d)
2x = alfy — efy)
Uy=v+ 22<- + %(fa + e fy)? (32e)

Here also, we can consider similar limits as in the case of
homopolyelectrolytes.

(i) f, = £y = f (es» = 1). Blocks A and B are similarly
charged:

X =0 (33a)
and
U=U=v+x/2+eaf (33b)
Hence eq 32b becomes
I(q) _ Py - Pr (33¢)

@oN  1-XN(P, ;- Pp)

which means that the fact that the copolymer is charged
does not change the scattered intensity I(¢) and the shape
of the peak, which is completely governed by the parameter
x- The same conclusion was reached for homopolyelec-

trolytes.
(ii) £, = £, = f(eap = -1). Blocks A and B have charges
of opposite signs. Equation 32 gives

X = 2a(q) f* (34a)
and

We reach again the same conclusion as for homopoly-
mers; namely, since

I _ Pyy~Pr
2
N (24—3‘2)qu\/(1°1,2 - Pp)

(34¢c)

with

Xo/2 = af*
the attractive electrostatic potential of? between A and B
blocks tends to compensate for the repulsive thermody-
namic interaction due to x.
(ili) f, = £ £, = 0. This is the case where half of the
chain is charged and the other half is neutral. We have
from eq 32a-¢

Xe = af/2 (35a)

2
=y —E b
U=v+ 2P 2) (35b)
U, =v+(1/2)(x + of*/2) (85c¢)
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and I(q) is obtained by substituting eq 35a—c into eq 32b.
The maximum of I(g) should still be observed, but it is
influenced by both thermodynamic and electrostatic
properties as well as chain dimensions and concentrations.

In all our descriptions so far we have considered that
counterions and salt ions (if salt is added) contribute to
the screening of electrostatic interactions and to the overall
electroneutrality condition. They are point particles
having no thermodynamic interactions with their sur-
roundings and having no contribution to the scattered
intensity. What happens if these ions have finite sizes
and should contribute to the scattering profile! This is
the question we address in the next section.

5. Counterions and Salt Ions with Finite Sizes

Before proposing ways to extend the present formalism
to counterions and salt ions with finite sizes, we want to
first treat explicitly the case where these ions are point-
like and argue from the results that their effective
contribution is limited to the screening.

5.1. Point Particle Counterion Limit. The above
formalism can be immediately extended by letting vy, =
vab = 0 if B is the counterion species and A the polyion.
Therefore

U, =v+ (4nl/Df (36a)
U, = 4rl/q* (36b)
U, = -4rif/q* (36¢c)

Note that Coulomb interactions are, of course, not screened
in the absence of salt. In the case of added salt, one can
add a third component made of co-ions. The conclusion
for co-ions is the same as for counterions, which we shall
illustrate in this subsection. Namely, they all contribute
to the screening of electrostatic potential. Inserting eq
36a—c into eq 4 gives

-1—+v+4—Lﬂ i 4
S0 2 2

s-1 = q q
xif 14| O
q2 ¢b q2

where we have let Sy,° = ¢}, as it should. The results from
the calculation of the inverse of S-! can be easily verified

Su’l(q) = S.O 'l(q) +v+ q—4zﬂ—:£3 (37h)
K

S Hg) = {(q2 + k%(ﬁ—o + v) + lf” X

2.2 -1
{ﬂli(gl—o + v) + szl} (37¢)

S (@) = ‘(q2 + kz)(é, + v) + lf‘}(sz)’l (37d)
where the screening length is defined by
K2 = 41|'l¢b (376)

These results are identical with those obtained by Joanny
and Leibler? and by Vilgis and Borsali.” The polyion-
polyion structure factor is

Su (@ =8, @) + v (38a)
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with

o =g+ AT (38b)
g+«

This shows that the effect of counterions is to screen the
polyion—polyion electrostatic repulsion. The meaning of
Sap and Syp is somewhat ambiguous especially in the high
gregion and in the limit of screened electrostatic potentials
(or neutral polymers). Indeed in the last limit S,,(q) —
0 and Spp(g) — ¢p, which means that counterions become
part of the solvent with no specific interactions.

5.2, Counterions with Finite Size. If counterions,
or eventually salt ions, cannot be considered as point
particles, the treatment in section 5.1 is not valid anymore,
and one should include counterions and co-ions as a second
and third component if there is only one polyion species.
Such a situation arises when counterions have a size in the
range of g1, which means that their form factor P(q) is
less than 1. This generalization should be adopted when
these “small ions” have specific thermodynamic properties
such as excluded-volume parameters and also when they
have finite contrast with respect to the solvent so that
they contribute to the scattering intensity. The formalism
insections 3 and 4 can be immediately generalized to these
situations.

We present two ways of implementing this generaliza-
tion, the first is a straightforward application of the model
above and the second uses the mean spherical approxi-
mation (MSA), which is a classical approximation insimple
liquid theories.11-13

(a) Counterions with Excluded Volume. Here we
assume that counterions have the same excluded volume
as monomers, namely, U, = Up = Uap, = U. Therefore, if we
consider that A is the polyion and B the counterions, we
write

U, = v+ (4rl/gdf (39a)
U, =v + 4rl/¢* (39b)
Uy =v- (4xl/g)f (39¢)

where we have let fbe the fraction of charge of the monomer
and [ that of the counterion. One may also assume that
Py is less than unity and can be, for example, represented
by a small sphere of diameter d such that

S, = ¢ Py Ny=1 (40a)
with

xS

The model developed in section 3 can be applied to this
case. One needs only to substitute eqs 39 and 40 into eqs
4~7 to obtain all the results.

(b) Mean Spherical Approximation. In this ap-
proximation counterions are considered as small spheres
of diameter d and they are characterized by a long-range
electrostatic interaction and a short-range excluded-
volume interaction. Monomers are also spheres of the
same size (but this condition is not necessary). The
potential between spheres of species « and 8 is

Pup(r) = =, forr<d (41a)

P, = (M)z; x=qd/2 (40b)

and

bag(r) = If Jf5/r, forr>d (41b)
This problem has been solved by Genz et al.!3 and Grim-
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son et al.,’* who adopted the Waisman and Lebowitz15
solution of the MSA for a mixture of charged hard spheres
of the same diameter. The solution for U, is found to be
a superposition of a short-range and a long-range inter-
action parameter, which are both functions of g. The
details are giveninref 13 and 14 where the partial structure
factors are discussed as functions of the monomer con-
centration and other relevant properties of the system.

Finally we have to mention at the end of this section
that similar observations concerning the screening behavior
of counterions of finite size have been made by Khokhlov
and Khatchaturian.!® Moreover, these authors suggest
that the screening of the polyions among themselves gives
an additional contribution to the screening.

6. Conclusions

This paper deals with the application to charged polymer
mixtures of Benoit’s equation,? giving the generalization
of the classical Zimm equation in matrix form. This
application is simply made by writing the interaction
matrix U as a sum of the ordinary excluded-volume matrix
v, which contains the short-range thermodynamic inter-
actions, and an interaction matrix, which describes the
long-range Coulomb potential between various species of
the mixture. We have discussed specifically the cases of
ternary mixtures of two homopolymers A and B inasolvent
and a block copolymer AB in a solvent. We have given
the expressions of partial structure factors S;j(q) (i, j =
a,b) and the total intensity I(g) = }_;;a;a;Sij(q) in various
cases. We have discussed in particular the limit of
intermediate solvent conditions where one observes in-
teresting features that are very similar to the bulk limit.
We have shown that if the two polymers A and B (either
homopolymers or copolymers) have the same charge, the
scattering intensity I(g) is not significantly affected by
the electrostatic interaction and depends essentially on
the thermodynamic parameter x. If A and B have opposite
charges, their electrostatic attraction tends to reduce the
thermodynamic repulsion. This means that I(q) has the
same form with a reduced effective parameter x.s(q) = x
- x%(q). We have also discussed the case where polymer
Aischarged and B is neutral, and we have obtained results
consistent with those reported earlier by Joanny and
Leibler and Vilgis and Borsali.

The Coulomb interaction matrix is modeled by asimple
Debye—Hiickel screened potential where the screening is
entirely due to counterions and eventually salt ions if salt
is added. These ions are assumed to be pointlike. We
argue that this description is more adequate than the one
consisting of treating them as full components in the
mixture as it was done before.®? We show this by
considering the case of a polyion-counterion-solvent
system. This description leads to an important simpli-
fication since it reduces the order of matrices by 1 in salt
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free solutions and by 2 when salt is added. We discuss in
the last part of this paper how the present formalism can
be generalized to the case where counterions, and even-
tually co-ions, have finite sizes, interaction parameters,
and contrast factors.

The present investigation is limited to weakly charged
polymers because we did not include the effect of nematic
interactions, which can produce ordered or mesophase
structures in the solution. This requires a generalization
of the interaction matrix U to stiff chains including the
nematic angular-dependent interactions. Few attempts
in this direction were made recently by Shima et al.1” and
by van der Schoot and Odijk!® for binary mixtures
polymer-solvent, but the generalization to multicompo-
nent stiff chains is still lacking. It is, of course, a
straightforward task to introduce the effect of stiffness in
the intramolecular form factors or Sy, but the nematic
interaction, which depends on the relative orientation of
pairs of segments belonging to different chains, is crucial
for strongly charged systems.
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